We consider the time evolution of the gaps of the entanglement spectrum for a block of consecutive sites in finite transverse field Ising chains after sudden quenches of the magnetic field. We provide numerical evidence that, whenever we quench at or across the quantum critical point, the time evolution of the ratios of these gaps allows to obtain universal information. They encode the low-lying gaps of the conformal spectrum of the Ising boundary conformal field theory describing the spatial bipartition within the imaginary time path integral approach to global quenches at the quantum critical point. Quantum many-body systems described by local Hamiltonians are difficult to solve because the dimensionality of their Hilbert space increases exponentially with the number of their constituents. At equilibrium however the wave-functions of quantum many-body systems described by gapped Hamiltonians contain a limited amount of entanglement with a well defined structure that can be used to perform numerical simulations with tensor networks [1] [2] [3] [4] [5] [6] . At quantum critical points (QCP), where the Hamiltonians become gapless, the entanglement grows following universal laws [7] that in the specific case of conformal invariant QCP allow to unveil the data of the underlying conformal field theory (CFT) [8, 9] . In two spacetime dimensions, these data include the central charge c, the exponents dictating the decay of correlation functions that constitute the conformal spectrum and the coefficients of the operator product expansion. The central charge c can be read from the scaling of the entanglement entropy (EE) of an interval with respect to its size [10] [11] [12] [13] . The remaining CFT data are encoded e.g. in the EE when A is made by disjoint intervals [14] [15] [16] [17] [18] , in a complicated way. The entanglement spectrum (ES) [19] [20] [21] [22] [23] [24] [25] , i.e. the spectrum of the reduced density matrix, can be related to the conformal spectrum of a conformal field theory with boundaries (BCFT) defined by proper conformal boundary conditions (CBC) [26] , as also observed by Läuchli in numerical studies [25] .
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Entanglement plays a central role in our understanding of large many-body quantum systems, as witnessed by the numerous proposals on how to measure entanglement in experiments which have led to the first experimental measures in the context of cold atoms and trapped ions both at and out of equilibrium [27] [28] [29] [30] [31] [32] [33] [34] [35] . Such experiments are expected to play an increasingly important role out of equilibrium, where the amount of entanglement increases to its maximum value very fast with time [36, 37, 39] . This creates an entanglement barrier that prevents to extract reliable predictions at long time even when using our best classical-simulation techniques [40] [41] [42] [43] (see [44] [45] [46] [47] [48] for recent proposals to overcome this barrier).
As a result, important questions about strongly correlated quantum many-body quantum systems out of equilibrium are only partially understood and currently can only be settled ex-perimentally. Examples of open questions include the existence of new phases of matter out of equilibrium [49] [50] [51] , the presence/absence of equilibration, the phenomenon of thermalization or generalized thermalisation that should reconcile the reversibility of quantum mechanics with the irreversibility of the macroscopic world [52] [53] [54] [55] . A possible hope is that also out of equilibrium a form of universality exists. This would allow for example to obtain at least quantitative information even with approximate algorithms.
Out of equilibrium universality has been observed only in some specific scenarios where the scaling of the spatiotemporal evolution of the system can be described by universal exponents and functions (see the recent experiment [56] and the references therein). Dynamical quantum phase transitions, appearing as singularities in the return probabilities to the initial state quenched across a quantum critical point, could also provide a scaling region that could be explained through out-of-equilibrium universality [57] [58] [59] .
In this Letter we consider the spin-1 2 transverse field Ising chain (TFIC), a paradigmatic model for one-dimensional quantum critical behaviour and quantum phase transitions. We study the time evolutions of the ES after a global quench given by a sudden change of the magnetic field, when the subsystem A is an interval in a finite system. We provide numerical evidence that, for quenches to or across the QCP, the gaps of the ES carry information about the conformal spectrum of the Ising BCFT describing the QCP. These results are quite robust under changes of the quench protocol thus providing a new example of universality out of equilibrium.
Setup. The Hamiltonian of the TFIC is
where σ α i are the Pauli matrices at the i-th site and cot θ is the magnetic field, with 0 < θ < π 2 . At zero temperature and in the thermodynamic limit, this model exhibits a ferromagnetic (ordered) phase for π 4 < θ < π 2 and a paramagnetic (disordered) phase for 0 < θ < π 4 , separated by a QCP at θ = π 4 . We (OBC) are imposed, which correspond respectively to η = 1 and η = 0 in (1).
Entanglement can be studied by partitioning the system into an interval A made by < L/2 consecutive sites and its complement B (in the case of OBC, d denotes the number of sites on the left of A). Assuming that the Hilbert space can accordingly be written as
In order to get rid of arbitrary entanglement energy shifts we consider the gaps g r ≡ log λ max − log λ r = ξ r − ξ min 0 with r 1. The EE of A is S A = −Tr H A (ρ A log ρ A ). Given the system in the ground state |ψ 0 of (1) for θ = θ 0 , at t = 0 the magnetic field is changed abruptly θ 0 → θ , hence the time evolved state is |ψ(t) = e −i H(θ )t |ψ 0 .
In spectroscopy the ratios g r /g s are usually studied in order to get rid of a shift and a rescaling of the entire spectrum. These quantities are suggested also by the analytic expressions for the time evolution of the ES of half of an infinite line obtained through CFT methods when the post-quench Hamiltonian is critical [26] , which tell us that ( g r ) −1 and g r S A depend on critical exponents. We study the time evolutions of g r /g 1 , of ( g r ) −1 and of g r S A after global quenches of the magnetic field in the TFIC for various θ 0 and θ , showing the numerical results for the first 16 eigenvalues (hence r = 1, 2, . . . , 15). The numerical analysis is performed by using the standard mapping of the TFIC to a chain of free fermions [60] [61] [62] [63] [64] (see also [46] and references therein). The time evolutions of these quantities after some global quenches have been recently studied in an infinite harmonic chain or in an infinite chain of free fermions at half filling [65] .
Quenches at the QCP. We report numerical results for the quench θ 0 = π/8 → θ = π/4, from the ferromagnetic phase to the quantum critical point, since they are paradigmatic for generic quenches to the critical point obtained for different choices of θ 0 . The interval A is either in the chain with PBC ( Fig. 1 and Fig. 2 ) or in the chain with OBC and d = 0 ( Fig. 3 ) or d = 3 2 ( Fig. 4 ). In the time evolutions of the ES and of the EE in Fig. 1 , we see several time regimes (separated by black dashed-dotted vertical lines), that can be identified by employing the quasi-particle picture [36, 66, 67] . It assumes that each spatial point emits a pair of oppositely moving and initially entangled quasi-particles that propagate semiclassically with velocity v q = min(1, cot θ ) after the quench [68, 69] . In finite systems this implies quantum recurrences: the quasi-particles emitted at the same point meet periodically at times that are multiple integers of L/2 v q for PBC and of L v q for OBC (in the figures the end of a period corresponds to the blue dashed-dotted vertical line) [70] [71] [72] [73] . When A is an interval in the chain with PBC ( Fig. 1, Fig. 2, Fig. 5 and Fig. 6 ), we can identify three regimes I, II, III ending respectively at
When A is in the chain with OBC and d = 0 ( Fig. 3 ) these values must be just multiplied by a factor of 2, while for d = 0 with d + < L/2 (Fig. 4 ) the bounces of the quasi-particles at the boundaries provide nine regimes I, II, . . . , IX within a period.
The time evolutions in Fig. 2, Fig. 3 and Fig. 4 display some interesting common features. For ( g r ) −1 (top panels) we observe either linear growths or plateaux or linear decreases in the different regimes, in correspondence of the same behaviour in the EE, with the crucial difference that ( g r ) −1 display a higher degree of flatness than EE in regime II, up to oscillations. Understanding the origin of this difference in terms of a Generalised Gibbs Ensemble [74, 75] (see [76] for a recent review) could be very insightful.
As for the products g r S A (bottom panels), their time evolutions in regimes I and II approximatively take constant values while they become very complicated in the regimes different from I whenever ( g r ) −1 either increase or decrease linearly.
The most interesting behaviour is displayed by the ratios g r /g 1 : up to oscillations, they take approximatively constant values in the different time regimes and the same constant values are observed also in the corresponding regimes of the second period. It is crucial to remark that these constant values are positive integers. Focussing on the regimes I and II, we stress that the integer 1 is observed only in the regime I in the case of PBC. Furthermore, we find it worth observing the changes of degeneracies in passing from a regime to the subsequent one for PBC in Fig. 2 and for OBC in Fig. 4 (from I to II and from VIII to IX). In particular, for PBC, the higher degeneracy in regime III leads to observe that this regime looks like the time reversal of regime I of the second period. Similarly, the degeneracies seem to tell that the regime I in the first period could be related to the regime III in the second period, maybe because for PBC the quasi-particles come back to their emission point at the end of the second period. Comparing the regimes II in Fig. 2 and Fig. 3 , we observe that the plateaux for ( g r ) −1 have the same heights. In Fig. 4 , where OBC are imposed and d > 2 , the ratios g r /g 1 take almost constant integer values and the regimes I and II are like in Fig. 2 , where PBC are imposed.
A remarkable feature of the time evolutions of g r /g 1 in Fig. 2 and Fig. 3 is their very mild dependence on the initial state within the paramagnetic phase: changing 0 < θ 0 < π/2 (we have considered θ 0 = π/13 and θ 0 = π/10 [77]) the same integer constant values with the same degeneracies occur. For PBC the same observation can be made taking initial states within the ferromagnetic phase (we have considered θ 0 = π/2 − π/13 and θ 0 = π/2 − π/10): only the degeneracies change with respect to the cases with 0 < θ 0 < π/2. Instead, for OBC when d = 0, taking different π/4 < θ 0 < π/2 we find that the regime II is the same, while in the regime I all the integer values (including 1) are taken by g r /g 1 , and that the degeneracies change passing from regime I to regime II. Thus, regime II in the time evolutions of the ratios g r /g 1 in Fig. 2 and Fig. 3 is independent of the initial state. A mild dependence on the initial state occurs in the peak that g r /g 1 display at the beginning of regime 1. Furthermore, g r S A take different approximatively constant values for different initial states, as observed also in harmonic chains [65] .
Insights from BCFT. Analytic CFT expressions for the time evolutions of the ES in Fig. 2, Fig. 3 and Fig. 4 are not available in the literature. Nonetheless, some of their characteristic features can be justified through the CFT analysis performed in [26] for the ES of half of the infinite line, based on BCFT [78, 79] . The continuum limit of the TFIC at the QCP is described by the Ising CFT, whose central charge is c = 1 2 . In the presence of boundaries, the conformal symmetry of the Ising BCFT allows only three CBC.
In the BCFT approach to global quantum quenches with critical evolution Hamiltonians [36, 66, 67, 70, 71] (see [80] for a recent review), the spacetime to consider in the imaginary time path integral is a strip whose width is given by τ 0 along the imaginary time direction and by the size of the system along the spatial direction. On both the lines delim- iting the strip in the imaginary time direction, the state |ψ 0 is approximated by the conformal boundary state |ψ 0 corresponding to some CBC b 0 , while the CBC b 1 and b 2 are imposed along the parallel segments corresponding to the physical boundaries (for the OBC that we consider b 1 = b 2 ≡ b, given by free boundary conditions).
Following [26] (see also [10, [81] [82] [83] [84] [85] ), it is convenient to regularise the ultraviolet (UV) divergencies by removing small disks centered at the entangling points whose radius is the infinitesimal UV cutoff ε. This introduces a boundary around each entangling point, where the CBC a is imposed.
When the subsystem A is half of the infinite line, the spacetime can be conformally mapped into an annulus whose CBC are a and b 0 . After a crucial analytic continuation to real time, in this case one finds 1/g r = (2πτ 0 ∆ r ) −1 t grow linearly in time and g r /g 1 = ∆ r /∆ 1 are independent of time, where r 1 and ∆ r ∈ S (a, b 0 ) \ {0}, being S (a, b 0 ) the conformal spectrum (made by the conformal dimensions of the primary fields and of their descendants) of the BCFT on the annulus with CBC given by a and b 0 [26] . The parameter τ 0 encodes information about the initial state. Furthermore, the linear growth of the EE for this bipartition [36, 66, 67] leads to g r S A = π 2 c 3 ∆ r , which is independent of time. We remark that g r /g 1 and g r S A are independent of τ 0 .
When the system is finite and the subsystem A has N entangling points (N must be even for PBC), the spacetime has the topology of a sphere with N + 2 boundaries for PBC and with N + 1 boundaries for OBC. We expect that, at the beginning (regime I), the time evolution of the ES is determined only by the spacetime around the entangling points. This assumption leads to consider N independent copies of the spacetime corresponding to the time evolution of half of the infinite line; hence to employ the conformal spectrum S N (a, b 0 ) of N independent copies of the same BCFT on the annulus with CBC given by a and b 0 . Combining this assumption with the results of [79] and assigning free boundary conditions to both a and b 0 , we can explain the data observed in the regimes I of Fig. 2, Fig. 3 and Fig. 4 , where N = 2, N = 1 and N = 2 respectively. This assignment for a has been found also through the numerical analysis of the ES for some bipartitions at equilibrium [25] . We remark that also b corresponds to free boundary conditions in our numerical analysis. These assignments lead to S (a, b 0 ) = S (a, a) = S (a, b) = {0, 1 2 , 3 2 , 2, 5 2 , 3, 7 2 , 4, 9 2 , 5, . . . } (for recent numerical results see [86, 87] ), which implies that S N (a, b 0 ) = {0, 1 2 , 1, 3 2 , 2, 5 2 , 3, 7 2 , 4, 9 2 , 5, . . . } for any N. For the regime I, this naive BCFT analysis leads to g r S A = π 2 c tot 3 ∆ r where c tot = Nc and ∆ r ∈ S N (a, b 0 ) \ {0}. The independence of time is observed from the data, but the numerical values of the constants depend on the initial state, as remarked above. This dependence on the initial state could be justified by arguing that S A and the gaps g r lead to different numerical values for τ 0 , as already noticed for the linear growths of the Rényi entropies with different values of the Rényi index [38] .
The quasi-particle picture allows to argue that the regimes II are not influenced by the finite size of the system for the chosen bipartitions, where < L/2. It also identifies the boundaries of the finite Euclidean spacetime that presumably influence the time evolutions in this time regime. For all the chosen bipartitions we just need the conformal spectrum of a single Ising BCFT on the annulus. In particular, for Fig. 2 and Fig. 4 (where d > /2) S (a, a) has to be considered because the relevant boundaries are the infinitesimal circles around the entangling points. Instead, in Fig. 3 the physical boundary becomes important in regime II and S (a, b) has to be employed (see also [85] for this case). In our numerical analysis both a and b correspond to free boundary conditions, hence they are not distinguishable. These observations lead to expect that all the regimes II are identical and this is confirmed in Fig. 2, Fig. 3 and Fig. 4 , up to oscillations. Summarising, the time evolu- Figure 5 . (color online). Time evolution of ( g r ) −1 (top), g r /g 1 (middle) and g r S A (bottom) after quenches such that H and H 0 belong to different phases given by θ 0 = π/8 → θ = π/2 − π/8 (left) and θ 0 = π/2 − π/8 → θ = π/8 (right), for an interval having = 128 sites in the chain with PBC having L = 512 sites. tions of g r /g 1 when 0 < θ 0 < π/4, for the bipartitions considered, seem determined by the gaps of the conformal spectrum given by (0 ⊕ 1 2 ) N in the regime I and by 0 ⊕ 1 2 in the regime II. The above considerations based on BCFT are expected to hold only for the low-lying part of the ES [88] .
Gapped evolution Hamiltonians. It is very instructive to perform the numerical analysis of the ES discussed above for quenches where the post-quench Hamiltonian is gapped. In Fig. 5 we report the results obtained for a typical quench across the QCP, in both the directions. A major difference between the time evolutions of the ES after these two protocols is the occurrence of singularities in the regimes I and III for the quench from the paramagnetic phase to the ferromagnetic phase (left panels). In [89] it has been shown that the times at which the ES develops singularities in the regime I coincide with the times when the Loschmidt echo is singular, identifying the quantum dynamical phase transition [57] (see [59] for a recent review).
In the quench from the ferromagnetic phase to the paramagnetic phase (right panels), the evolutions are smooth and, surprisingly, in the regimes I and II for the ratios g r /g 1 we observe plateaux corresponding to integer values. It is remarkable that g r /g 1 display plateaux at integer values in the time regime II also for the quench from the paramagnetic phase to the ferromagnetic phase. This feature, which has been highlighted for the quench at the QCP (see regime I in Fig. 2) , could be attributed to the crossing of the QCP. Indeed, in Fig. 6 , where the QCP is not crossed, these plateaux at integer values for g r /g 1 in the regime II are not observed. The collapse of the curves on the integer values in the regime II of the quench from the paramagnetic phase to the ferromagnetic phase improves as |θ −θ 0 | increases. According to the discussion reported above for the quenches at the QCP, these integer Figure 6 . (color online). Time evolution of ( g r ) −1 (top) and g r /g 1 (bottom) after the quench θ 0 = π/12 → θ = π/4 − π/12 within the paramagnetic phase (left) and θ 0 = π/2 − π/12 → θ = π/4 + π/12 within the ferromagnetic phase (right), for an interval with = 128 sites in chain with PBC having L = 512 sites. values could be related to two copies of the Ising BCFT on the annulus with CBC a and b 0 , like the regime I of the quench at the QCP (see Fig. 2 ). Analytic results supporting this observation are missing. A possible interpretation could rely on the fact that, being the evolution Hamiltonian gapped, the correlation length is finite and therefore the entangling points can be considered independent from each other, as in the regime I of the quench at the QCP.
Summary and discussion. In finite TFIC with either PBC or OBC (reflecting boundaries), we have studied numerically the time evolution of the gaps g r of the ES after a global quantum quench of the magnetic field, when the subsystem is an interval. We found that interesting information is provided by the ratios g r /g 1 , which take constant values in various time regimes, for the lower part of the ES. In particular, when the post-quench Hamiltonian is critical, the first thermalisation regime (regime II) is determined by the conformal spectrum of the Ising BCFT on the annulus with the proper CBC. Surprisingly, this feature is observed also for quenches across the QCP. Furthermore, these results are robust under reasonable changes of the initial state. Our analysis leads to identify the proper CBC to adopt in the BCFT approach to global quenches of [26, 36, 66, 67, 70, 71 ] that allow to reproduce the numerical results (as done in [25] at equilibrium in the ground state).
The numerical results reported here naturally require further investigations in many directions. Repeating our analysis for finite open TFIC with different boundary conditions would improve the current understanding of the role of the boundaries in the imaginary time path integral approach. It is worth extending our analysis to other spin chains (e.g. XXZ and the Hubbard model), both in the universality class of the TFIC and in different ones. Reproducing our results through GGE methods would be very insightful. The relation between the ES and the features of the dynamical quantum phase transitions deserves further, more quantitative, analysis. Interesting results about the ES could be obtained also by considering directly the entanglement Hamiltonian [65, [90] [91] [92] [93] [94] [95] [96] [97] [98] or bipartitions where A is made by disjoint intervals or spatially inhomogeneous lattice systems [84] . It is instuctive to study the time evolution of the ES after local quantum quenches [77] . Extending all these analysis to higher dimensions is also very important. Finally, we remark that our results naturally suggest that experiments on entanglement spectroscopy of outof-equilibrium correlated many-body quantum systems could provide efficient methods to measure the critical exponents.
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